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Turbulence problem is often considered as “the last unsolved problem of classical physics”. It is due
to strong interaction between velocity and/or velocity gradient fluctuations, a high Reynolds number
flow is a fascinating mixture of purely random, close to Gaussian, fields and coherent structures where
substantial fraction of kinetic energy is dissipated into heat. To evaluate intensity of fluctuations,
one usually studies different moments of velocity increments and/or dissipation rate, characterized
by scaling exponents ζn and dn, respectively. In high Reynolds number flows, the moments of
different orders with n 6= m cannot be simply related to each other, which is the signature of
anomalous scaling, making this problem “the last unsolvable”. No perturbative treatment can
lead to quantitative description of this feature. In this work the expressions for the moments of
dissipation rate en = En ∝ Redn and those of velocity derivatives M2n = (∂xux)2n ∝ v
2n
o
L2n
Reρ2n
are derived for an infinite fluid stirred by a white-in-time Gaussian random force supported in
the vicinity of the wave number kf ≈ 2piL = O(1), where v0 and L are characteristic velocity and
integral scale, respectively. A novel aspect of this work is that unlike previous efforts which aimed
at seeking solutions around the infinite Reynolds number limit, we concentrate on the vicinity of
transitional Reynolds numbers Retr of the first emergence of anomalous scaling out of Low-Re
Gaussian background. The obtained closed expressions for anomalous scaling exponents dn and
ρn agree well with available in literature experimental and numerical data and, when n  1,
dn ≈ 0.3n ln(n).
PACS numbers 47.27
Introduction.
2. “Reynolds numbers” . Definitions. If a velocity gradi-
ent field obeys Gaussian statistics with the Re-dependent
variance, (∂xvx)2 ∝ v
2
0
L2Re
ρ2 , its moments (∂xvx)2n =
(2n − 1)!!((∂xvx)2)n ∝ v
2n
o
L2nRe
nρ2 . Here, v0 = O(1.) and
L = 2pi/k0 = O(1) are the single-point large-scale prop-
erties of the flow. The above-mentioned“ normal scaling”
is not the only possibility. Indeed, high-Reynolds-number
flows are characterized by “anomalous” scaling exponents
reflecting the formation of coherent structures. In this
case (∂xvx)2n ∝ v
2n
0
L2nRe
ρ2n where ρ2n 6= nρ2. In principle,
depending on the dynamics, the transitional Reynolds
numbers of different moments n of velocity field may be
different and with increase of the Reynolds number above
critical one (Retrn ), the flow may become a superposition
of Gaussian and “anomalous” patches obeying different
laws. This fact makes the problem of anomalous scaling
or intermittency so difficult.
In general, we have to define an infinite number of large-
scale mean velocities vˆ(n) = L(∂xvx)n
1
n and correspond-
∗vy@bu.edu
ing Reynolds numbers:
Rˆen = vˆ(n)L/ν ≡ L
2(∂xvx)n
1
n
ν
∝ Re ρnn +1 (1)
where ρn is a scaling exponent of the n
th -order moment
of velocity derivative, i.e. (∂xvx)n ∝ Reρn . As follows
from (1),
Re ≈ Rˆe
n
ρn+n
n (2)
and, the widely used in hydrodynamics large-scale dimen-
sionless parameter, the “Reynolds number”, is : Re ≡
Rˆe2 =
(∂xvx)rmsL
2
ν . One can introduce an infinite num-
ber of Reynolds numbers based on “Taylor length scales”:
Rˆλ,n =
√
15L4
3Eν vˆ(2n) =√
15v30
3LE
√
Re× L
2
v20
(∂xvx)2n
1
n ≈ Re ρ2nn + 12 (3)
where dimensionless combination EL
v30
= O(1). It
clear that the proportionality coefficient in (3) is n-
independent. This fact will be essential for what follows.
Multiplying and dividing right side of (3) by viscosity ν
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2and taking into account that in the system under consid-
eration E = P = const = O(1) (see below), one obtains
Re
ρ2n
n ≈ Re dnn +1 giving
ρ2n = dn + n
If the flow is generated by a Gaussian random force
(see below), in the limit Re→ 0, the velocity field is ran-
dom and at least the first few low-order moments obey
close-to-Gaussian statistics. The question arises: given
the random low-Reynolds number flow, how do we define
chaotic “strong” turbulence dominating the large-Re dy-
namics? This problem was addressed in Ref.[1] where
we discussed emergence of intermittency out of “nor-
mal” Gaussian background with increase of Re. A similar
question has been studied by Kuz’min and Patashinsky
[2] in terms of small-scale phase organization in a low
Reynolds number flow.
It has been demonstrated both theoretically and numeri-
cally in Ref.[1] that transitional Reynolds number Rˆetr2 ≡
Retr from “normal” to “anomalous” scaling of normal-
ized velocity derivatives M2n = (∂xvx)2n ∝ ( voL )2nReρ2n
and those of dissipation rates en = En ∝ Redn are n-
dependent, monotonically decreasing with increase of the
moment order n [1],[3] ( also see Fig.1). It was further
shown that Retr ≈ 100 (Rtrλ ≈ 9.) for 2n ≈ 4. How-
ever, expressed in terms of Rˆλ,n, the observed
transition points Rˆtrλ,n were n-independent with
Rˆtrλ,n ≈ 9.0. In this paper, using this effect as a
dynamic constraint, we generalize the theory de-
veloped in [1] to calculate anomalous scaling ex-
ponents ρn and dn.
1. Background. In 1965, in his classic textbook [4], R.P.
Feynman proclaimed “turbulence as the most important
unsolved problem of classical physics”. His point was
that by 1965 we knew more about weak and strong in-
teractions of elementary particles than about flow of wa-
ter out of faucets in our bathtubs. Feynman did not
elaborate on his statement and we can only guess that
he had in mind a derivation of chaotic, high-Reynolds
number solutions directly from deterministic and well-
known Navier-Stokes equations for incompressible fluids.
By that time it became clear (for a comprehensive review
see Refs. [5]) that, due to the lack of a small coupling
constant, the problem of derivation of the energy spectra
and other correlation functions using renormalized per-
turbation expansions was at least as hard as that in the
theory of strong interactions. At approximately the same
time in an extraordinary 1969 paper, Polyakov, develop-
ing his theory of strong interactions of hadrons [6], ac-
counted for the multi-particle (high-order) contributions
to the diagrammatic expansions of Green functions, lead-
ing to the first calculation of anomalous scaling exponents
(multiscaling). Unlike scaling solutions in the theory
of critical point or Kolmogorov’s similarity relations for
the low-order moments of velocity increments, in multi-
scaling the moments of different orders are characterized
by scaling functions of different dimensionalities. To il-
lustrate the physics behind this novel concept, Polyakov
constructed a qualitative “cascade model” yielding the
calculated scaling exponents. Since 1941 various cascade
models leading to Kolmogorov’s energy spectrum, have
been well-known (for a very detailed review and discus-
sions see Ref. [5]-[6]). Starting from 1962 Kolmogorov’s
attempts to derive anomalous scaling exponents, numer-
ous “cascade models” have been developed to obtain ex-
ponents for high-order structure functions and moments
of dissipation Regretfully, these ideas, applied to strong
turbulence, failed. Anyhow, Feynman’s assessment of the
“turbulence problem” has been repeated countless times
as an inspiration for various attacks on this problem.
Twenty seven years later, in a Science paper, M.Nelkin,
reviewing the status of turbulence research, asked a cru-
cial question: “In What Sense Turbulence in Un-
solved Problem?” [7]. Usually, fluid turbulence is
a result of instability of a low-Reynolds number laminar
flow which is a solution to the Navier-Stokes equations in
the limit Re = V L/ν → 0, where V and L are free-stream
velocity and characteristic flow length-scale, respectively.
Since the number of possible laminar flows is, for all prac-
tical purpose infinite, one can hardly expect a large-scale
universality of both mechanisms of turbulence produc-
tion and of magnitudes of critical (transitional) Reynolds
number. Still, according to Kolmogorov’s theory of 1941,
one can expect some universality on the scale r/L  1
and it is possible that in this interval the size of the sys-
tem disappears from the dynamics: the energy spectrum
then is given by the scaling law:
E(k) = E
2
3 k−
5
3 f(kη)
where η is the dissipation scale (see below). The scaling
function f(x) is assumed universal. This relation can be
rewritten in physical space
S2(r) = (u(x+ r)− u(x))2 = (Er) 23 f( r
η
) (4)
At the length-scale r ≈ η viscous effects become im-
portant and in the interval r  η, velocity field is an
analytic function. It was further assumed that in the
inertial range L  r  η the viscous effects are negli-
gibly weak and the scaling function f(x) → C = const.
If this is so, one obtains the so called Kolmogorov’s
spectrum E(k) ∝ CE 23 k− 53 and S2 ∝ r 23 . These consid-
erations, leading to the above “5/3 energy spectrum”,
are often called in the literature: “Kolmogorov’s K41
theory”. Nelkin stressed that, while there was no
solid theoretical derivation of these results, they were
quite close to the available at the time experimental data.
3The relation (3) leads to an important conclusion: con-
sider r/η → 0. In this limit the velocity field is an an-
alytic function, so that S2 ≈ (∂xux∂x )2r2 = Er2/(15ν),
and we can safely set r → η. Taking into account
that, by the energy conservation, EL/V 3 = O(1), we,
matching analytic and inertial (singular) ranges, obtain
( ηL )
2
3 ≈ Re( ηL )2, which is nothing but Kolmogorov’s rela-
tion η = LRe−
3
4 where the large-scale Reynolds number
Re = V L/ν. Small correction to Kolmogorov’s spectrum
( E(k) ∝ k−0.71 ) has been reported (see Ref. [8],[9]).
The situation is totally unsatisfactory when K41 is used
to predict high-order moments of velocity increments and
dissipation rate. Indeed, K41 gives
En = νnη 4n3 ≈ Re0 = const
This result contradicted all known experimental data
which gave strong indications of Kolmogorov’s theory
breakdown at small scales r → η [5],[7]- [9]. Moreover,
the scaling solution
Sn = r
−γ
∫
(δru)
nP(δru
rγ
)d(δηu) ∝ rnγ
where r−γP (x) is a scaling function for the normalized
probability density (PDF), of velocity increments, failed
to describe the experimentally observed multiscaling,
defined by the relation Sn ∝ rζn with the exponents
ζn/n 6= ζm/m for n 6= m. Nelkin stressed the inability
of scaling theory to describe the moments of dissipation
rate en = En ∝ Redn as the main deficiency of exiting
turbulence theory. This was one of his reasons to deem
turbulence problem “the last...”.
The failure of the formula η ∝ LRe− 34 has been rel-
atively recently theoretically predicted and detected in
very accurate numerical simulations [9], where it was
shown that the more accurate dependence was η ≡
η2 = LRe
−0.78. While this deviation from Kolmogorov’s
η2 ≈ LRe−0.75 can be regarded as small, the experimen-
tally observed “dissipation scales” ηn ≈ LRe−θn , with
with n > 2, very strongly deviated from Kolmogorov’s
value θn = 3/4. The length-scales ηn are defined as fol-
lows: Sn = (u(x+ r)− u(x))n ∝ rn when r/ηn  1.
The explanation of this phenomenon is hidden deep in the
dynamics of turbulence and turbulence transition. If, fol-
lowing Landau/Lifshitz, one assumes [10] that turbulence
transition happens locally when Rer = (δru)r/ν ≥ 1, one
concludes that the flow is a superposition of turbulent
(Rer > 1) and laminar (Rer < 1), patches. Therefore,
locally, the dissipation (viscous) scale, given by Reη ≈ 1
or
η ≈ ν/δηu (5)
is a strongly fluctuating parameter depending on the lo-
cal magnitude of δηu. That is where Kolmogorov’s theory
breaks down giving rise to huge anomalous fluctuations
of all spatial derivatives, including dissipation rate E .
The relation (5) gives the low bound on the “dissipation
scale”. It is clear that the largest velocity fluctuations are
u ≈ urms. Indeed due to the Gaussian statistics of large-
scale fluctuations, the probability of an event u > urms
is very small. Substituting this estimate into (4) gives in
the high-Re limit:
ηmin/L ≈ 1/Re << Re− 34
In the limit Re → ∞, huge fluctuations of dissipation
scale make renormalized perturbations expansions
problematic.
In this paper we develop a quantitative theory for the
moments of velocity derivative in a particular problem
of a random-force-driven Navier-Stokes turbulence.
The model. Fluid flow can be described by the Navier-
Stokes equations subject to boundary and initial condi-
tions (the density is taken ρ = 1 without loss of general-
ity):
∂tu + u · ∇u = −∇p+ ν∇2u + f (6)
∇ · u = 0. A random Gaussian noise f is defined by the
correlation function [10],[11]:
fi(k, ω)fj(k′, ω′) = (2pi)d+1D0(k)Pij(k)δ(kˆ + kˆ′) (7)
where the four-vector kˆ = (k, ω) and projection oper-
ator is: Pij(k) = δij − kikjk2 . In equilibrium fluid the
thermal fluctuations, responsible for Brownian motion
are generated by the forcing (6) with D0(k) =
kBTν
ρ k
2
[10],[11]. In channel flows or boundary layers with rough
walls, the amplitude D0 is of the order of the rms mag-
nitude of the roughness element [2]. Here we are in-
terested in the case D0(k) = const 6= 0 only in the
interval close to k ≈ 2pi/L, discussed by Forster, Nel-
son and Stephen [11]. The energy balance, written here
for the case of isotropic and homogeneous flow, following
from (5) -(6) imposes the energy conservation constraint:
P = u · f = E = ν2 ( ∂ui∂xj +
∂uj
∂xi
)2 = ν( ∂ui∂xj )
2 = O(1), where
energy production rate P = O(1) is an external param-
eter independent upon Reynolds number. The random-
force-driven NS equation can be written in the Fourier
space:
4ul(k, ω) = G
0fl(k, ω)− i
2
G0Plmn
∫
um(q,Ω)un(k− q, ω − Ω)dQdΩ (8)
where G0 = (−iω + νk2)−1, Plmn(k) = knPlm(k) +
kmPln(k) and, introducing the zero-order solution u0 =
G0f ∝ √D0, so that u = G0f + v, one derives the equa-
tion for perturbation v:
vl(kˆ) = − i
2
G0(kˆ)Plmn(k)
∫
vm(qˆ)vn(kˆ − qˆ)dqˆ
− i
2
G0(kˆ)Plmn(k)
∫
[vm(qˆ)G
0(kˆ − qˆ)fn(kˆ − qˆ) +G0(qˆ)fm(qˆ)vn(kˆ − qˆ)]dqˆ
− i
2
G0(kˆ)Plmn(k)
∫
G0(qˆ)fm(qˆ)G
0(kˆ − qˆ)fn(kˆ − qˆ)dqˆ (9)
It is clear from (8) that the correction to the O(
√
D0)
zero-order Gaussian solution is driven by the “effective
forcing”
Fl,2 = − i
2
G0(kˆ)Plmn(k)×∫
G0(qˆ)fm(qˆ)G
0(kˆ − qˆ)fn(kˆ − qˆ)dqˆ = O(D0)
which is small in the limit D0 → 0. We can define vl =
v1,l + G
0Fl,2 etc and generate renormalized expansion
in powers of dimensionless “coupling constant” λ ∝ D0
resembling that formulated in a classic work by Wyld
(see Ref. [12]). However, this expansion, is haunted by
divergences [5] making its analysis extremely hard if not
impossible. In this work, we will try to avoid perturbative
treatments of equation of motion (7)-(8).
According to Landau and Lifshitz [10], if δηv ≈ v(x+
η)−v(x), the dissipation scale η is defined by a condition
Reη ≈ 1 = η(δηv)/ν, so that η = ν/(δηv). Thus, the
simple algebra gives: ∂xvx ≈ (δηvx)2/ν. Therefore
(
L
v0
)2n(
∂vx
∂x
)2n = Re2n(
η4n
L
)ζ4n = Reρ2n
where Re = v0L/ν and below we set the large-scale prop-
erties v0 ≡ vrms = 1 and L = 1, so that:
Ln
v3n0
En = Redn = Ren (δηv)
4n
v4n0
= RenS4n(η4n) = Re
n(
η4n
L
)ζ4n
where the scaling exponents dn and ρn are yet to be
derived from an a’priori theory as well as the exponents
ζn entering the so called “structure functions” as:
Sn(r) = (v(x+ r)− v(x))n ∝ rζn . The dissipation rate
E = νS2pq with Spq = ν2 (∂pvq + ∂qvp) includes various
derivatives ∂pvq with p = q and p 6= q. Below, based on
isotropy, we will use E = 15ν(∂xvx)2 = v30/L as a nor-
malization factor yielding dimensionless dissipation rate
E = 1. This way we assume that all contributions to the
moments En scale the same way. Thus, in what follows
we will be working in the units defined by the large-scale
properties of the flow v0 = L = 1 with Re = 1/ν.
In the vicinity of transition, when the forcing is sup-
ported in a narrow interval in the wave-vector space,
(∂xvx)rms ≈ (vx(x + L) − vx(x))rms/L ≈ vrms = v0. In
a Gaussian case, where ρ2n = ρ2n, all Reynolds numbers
are of the same order and each one, for example Re1, is
sufficient for description of a flow.
Transition. According to theory and numerical simula-
tions of Refs. [1],[9], [13]-[16] , Retr2 ≈ 100.0 or Rtrλ,2 ≈ 9.0
and this point we associate with transition to strong tur-
bulence, characterized by non-Gaussian statistics of ve-
locity field and by anomalous scaling or “intermittency”
of increments and velocity derivatives. The transi-
tion points of high-order moments with n > 2,
expressed in terms of the standard second-order
Reynolds number Re = vrmsL/ν, are Re
tr < 100.0
(Rtrλ < 9.0). In turbulent flows the fluctuations
with vˆ(n) = vn
1
n > vrms do exist and one can ex-
pect transitions when local Rˆen = vˆ(n)L/ν ≥ 100.0
even in low Reynolds number subcritical flows
with Re = Rˆe2 = vrmsL/ν < 100.0 or Rλ ≡ Rλ,2 < 9.0.
This effect has been clearly demonstrated in nu-
merical simulations of isotropic turbulence [1]
(also, see Fig.1 and Supplemental Material) ) and
in experiments in “noisy” channel flow with ran-
5domly rough walls [3].
To summarize: critical Reynolds numbers
Retr = (∂xvx)rmsL
2/ν for the nth-order moments
of velocity increments (spatial derivatives) are n-
dependent. At the same time, expressed in terms
of the conditional Reynolds numbers Rˆen, based
on characteristic velocities vˆ(n), the transition oc-
curs at Rˆetrn ≈ 100 or Rˆλ,n ≈ 9.0, independent on
the moment order n.
Thus, we have found a new invariant [1]: at transition
points of different moments:
Rˆtrλ,n = R
tr
λ,2 ≈ 9.0 = const
where Rˆλ,n, is given by expression (3).
2. Evaluation of Rλ ≡ Rλ,2. In the linear (Gaussian)
regime only the modes v(k) with k ≈ 2pi/L are excited
and in the vicinity of a transition point we can define the
Taylor-scale Reynolds number:
Rλ ≡ Rλ,2 =
√
5
3Eν v
2
rms =
vrmsL
ν
√
5v2rmsν
3PL2
≈ Re×
√
5v3rms
3PLRe ≈
√
Re/1.2 (10)
Thus, at a transition point, where the theoretically
predicted and confirmed in many numerical simulations
Rλ,tr ≈ 8.909 Refs. [1], [9],[14]-[16] (also see Fig.1) we
obtain Retr ≈ 1.2R2λ,tr ≈ 120, close to the one obtained
in numerical simulations [9]. This estimate is based on
the following from (5)-(6) assumption of a constant,
independent on the Reynolds number, dissipation
rate E = P = const and Kolmogorov-like estimate
u3rms ≈ PL obtained with the Kolmogorov’s constant
CK ≈ 1.65 and at the internal scale 2pi/L ≈ 1.
Relation between exponents ρn and dn when E =
P = const.
By the energy balance following equations of motion (6)-
(8), E = P = 1, independent on Reynolds number. In
the limit Re→ 0, we have:
M<2n =
(∂xvx)2n
(∂xvx)2
n =
En
En = E
n = (2n− 1)!!
and, seek the large-Re solution in the form:
M>2n = (∂xux)
2n ∝ (v0
L
)2nReρ2n (11)
Multiplying (11) by νn gives:
(
L
v30
)nEn = Redn = Reρ2n−n (12)
10 0 10 1 10 2
R
λ
10 0
10 2
10 4
10 6
10 8
M
n
FIG. 1: Dimensionless moments M2n(Rλ) from Ref.[1].
Dashed lines: theoretical predictions and numerical simula-
tions of Refs.[1], [9]. Squares are from Ref.[9] and asterisks
from our large DNS data base (see Ref. [13] ); Horizontal lines
mark levels of Gaussian moments M2n = (2n − 1)!!. Transi-
tion points are at the crossings of horizontal and dashed lines
with transitional Rtrλ,2 ≈ 9.0 clearly seen on a graph for M2.
leads to the relation between scaling exponents dn and
ρ2n:
ρ2n = dn + n (13)
obtained in Introduction. This relation, which is is a con-
sequence of the energy conservation law in the flow driven
by white-in-time random force, was studied in Ref.[9].
We would like to stress that the white-in-time
property of the stirring force is crucial, which
makes numerical simulations of the moments of
dissipation rate in the low-Reynolds number flows
somewhat difficult.
Scaling exponents. As follows from the definition (3),
at a transition point of the nth moment, the large-scale
Reynolds number is:
and
Retrn = C(Rˆ
tr
λ,n)
1
dn
n
+3
2 (14)
with the n-independent factor C. Since Rtr1 ≈ 100 −
200, d1 = 0 (see below) and R
tr
λ,1 ≈ 8.91, calculated
above, we obtain an estimate C ≈ 50 − 100. As follows
from (10) and (13), in the vicinity of transition with d1 =
0:
En = (2n− 1)!! = Cdn(Rtrλ,n)
ndn
dn+
3n
2 (15)
the closed equation for the anomalous exponents dn.
Using large - scale numerical simulations, it has re-
cently been shown that while the large-scale transitional
6dn T1 DNS C90 Exp.
d1 0.00 0.00 0.00 0.00
d2 0.158 0.149 0.187 0.152
d3 0.49 0.443 0.46 0.4
d4 0.94 0.89 0.80 0.73
d5 1.49 1.47 1.19 1.1
TABLE I: Comparison of theoretical predictions for expo-
nents dn, given by relation (16), with experimental data, semi-
empirical models and numerical simulations: T1: Theory [9];
DNS; direct simulations [9], [13] ; MF : multi-fractal theory
[9]; ln[C] = 4.5 Exp. : dn (expression (16) ) with n! instead
of (2n− 1)!! for the Low-Re moments.
ρn MF C90 DNS2
ρ1 0.474 0.5 0.455
ρ3 1.57 1.61 1.478
ρ4 2.19 2.19 2.05
ρ5 2.84 2.86 2.66± 0.14
ρ7 4.20 4.17 3.99± 0.65
TABLE II: Comparison of exponents ρ2n = dn + n with the
outcome of numerical simulations and semi-empirical models.
MF and DNS2: multi-fractal theory and numerical simula-
tions [9]; C90: expression (16) with the constant C = 90.
Reynolds number Retrn depends on the moment order n,
the one based on a Taylor scale Rtrλ,n ≈ 9.0 is independent
on n [1]. This result can be readily understood in
terms of the dynamics of transition to turbulence
which is not a statistical feature but a property of
each realization where Rλ > R
tr
λ . In other words
all fluctuations with “local” Reλ,n ≥ Retr ≈ 9.0.
undergo transition to turbulence. This argu-
ment, consistent with Landau’s theory of tran-
sition, fixes the amplitude in relations (14)-(15)
and enables evaluation of the scaling exponents
by matching two different flow regimes. Taking
ln 8.91 ≈ 2.48 gives:
dn = −1
2
[n(
2.48
lnC
+
3
2
)− ln(2n− 1)!!
lnC
] +√
1
4
[n(
2.48
lnC
+
3
2
)− ln(2n− 1)!!
lnC
]2 +
3
2
n
ln(2n− 1)!!
lnC
(16)
As we see from the Figure 2, for n  1, the exponents
dn → 0.3n lnn independent of magnitude of a constant C
meaning that at least in this limit the scaling exponents
are universal.
Summary and Conclusions. 1. This paper is
based on equations (6)-(8) leading to the well-defined
Gaussian low-order moments of velocity derivatives and
increments. In this case, “Strong Turbulence “ is defined
2 3 4 5
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3.33333 dn
n logHnL
104 106 108 1010
n
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3.33333 dn
n logHnL
FIG. 2: Anomalous exponents dn of the moments of dis-
sipation rate En/En ∝ Redn given by formula (16). From
top to bottom: top: n ≤ 5.0, middle: dn
0.3n lnn
in the range
105 ≤ n ≤ 106; bottom: the same in the broader interval
102 ≤ n ≤ 1010.
as a first appearance of anomalous scaling exponents of
the moments of the dissipation rate. No inertial range
enters the considerations.
2. In the spirit of Landau’s theory of transition, it is
assumed that in each statistical realization the transition
occurs at Rˆλ,n ≥ 9., independent on n. The numerical
value of transitional Reynolds number Rλ ≈ 8.908
was derived in Refs.[14]-[16]. Also, this result comes
out of semi-empirical theories of large-scale turbulence
modeling (Ref.[16]).
3. As follows from this paper, these two very
strong dynamic constraints are satisfied by
formation of small-scale coherent structures
7leading to intermittency (anomalous scaling) of
dissipation fluctuations in turbulence.
4. The universality of these results is yet to be studied.
On one hand, recently it has found some support
in numerical and experimental data on various flows
[9],[17],[18]. On the other hand, as we see from Table.1,
numerical values of exponents dn may be sensitive to
statistics of the low-Reynolds number fluctuations.
One argument in favor of broad universality can be found
in Ref[11], (Model C), where dynamic renormalization
group was applied to the problem of the Navier-Stokes
equations driven by various random forces. The authors
considered a general force (6) of an arbitrary statistics,
supported in a finite interval of wave-numbers k ≈ kf
and showed that in the limit k << kf the velocity
fluctuations, generated by the model, obeyed Gaussian
statistics. This result can be readily understood: each
term of the perturbation expansion of (6)-(8) is O(k2n).
Therefore, in the limit k → 0, all high-order contribu-
tions with n > 1 disappear as small. This situation
corresponds to weak coupling. It is not yet clear how
universal this result is.
5. The relation (16) for anomalous exponents dn is a
consequence of the coupling of dissipation rate and the
random fluctuations of transitional Reynolds numbers
(coupling constant) studied in Ref. [1]. The present
paper is the first where the role of randomness of a
transition point itself in the dynamics of small-scale
velocity fluctuations has been addressed. It may be of
interest to incorporate this feature in the field-theoretical
approaches, like Wyld’s diagrammatic expansions ap-
plied to the Navier-Stokes equations for small-scale
fluctuations.
6. In this paper anomalous exponents of moments of
velocity derivatives and those of dissipation rate have
been calculated without introducing any adjustable
parameters. Given tremendous success of large-scale
engineering simulations [16] , [19], which evolved into
an indispensable design tool, we tend to conclude
that Nelkin’s question,“ In What Sense Turbulence is
Unsolved Problem?”, posed almost 25 years ago, may
need be discussed again.
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